Abstract. Hayashi has extended a result of Mañé, proving that every diffeomorphism f which has a C 1 -neighborhood U , where all periodic points of any g ∈ U are hyperbolic, it is an Axiom A diffeomorphism. Here, we prove the analogous result in the volume preserving scenario.
Introduction and Statement of the Results
Let M be a C ∞ d-dimensional Riemannian manifold without boundary and let Diff 1 m (M ) denote the set of diffeomorphisms which preserves the Lebesgue measure m induced by the Riemannian metric. We endow this space with the C 1 -topology. In the theory of dynamical systems, one important question is to know whether robust dynamical properties in the phase space leads to differentiable properties of the system. For instance, one of the most important properties that a system can have is stability. This says that any system close enough to the initial have the same orbit structure of the initial. In other terms, this says that there is a topological conjugacy between this system and the initial one.
In a striking article [23] Mañé proves that any C 1 structurally stable diffeomorphism is an Axiom A diffeomorphism. In [26] Palis extended this result to Ω-stable diffeomorphisms. Actually, Mañé believe that a weaker property than Ω-stability should be enough to guarantee the Axiom A property. Let us elaborate on this property.
Given a diffeomorphism f over M , a periodic point p of f is hyperbolic if Df
has eigenvalues with absolute values different of one, where τ (p) is the period of p. In the space of C 1 diffeomorphisms over M , Diff 1 (M ), we can define the set F 1 (M ) as the set of diffeomorphisms f ∈ Diff 1 (M ) which have a C 1 -neighborhood U ⊂ Diff 1 (M ) such that if g ∈ U then any periodic point of g is hyperbolic. In [18] , Hayashi proved that any diffeomorphism in F 1 (M ) is Axiom A, which means that the periodic points are dense in the nonwandering set Ω(f ) and the last one is a hyperbolic set. We recall that in dimension two, this was proved by Mané [22] . This was also studied for flows without singularities by Gan and Wen in [17] .
Observe that in the volume preserving scenario, the Axiom A condition is equivalent to the diffeomorphism be Anosov, since Ω(f ) = M by Poincaré Recurrence Theorem. Hence, it is a natural question if Hayashi's and Mané's results still holds in the volume preserving scenario. Actually, it seems that the arguments of Mañé holds in this case, specially the ones related to the perturbations. Moreover, using recent generic results in the volume preserving context much of the arguments of the original proof can be avoided. The purpose of this article is to do this. We want to stress out that we follow the same lines of Mañé's original argument once we show that periodic points must have the same index. We observe also that Bessa and Rocha also have analogous results in [8] and together with Ferreira in [9] , for the context of incompressible and Hamiltonian flows, but in lower dimensions (three and four respectively). We will also discuss what kind of results our arguments could prove in the contex of incompressible flows in any dimension.
We define the set F If f ∈ Diff 1 (M ) then an f −invariant compact set Λ of M is called a hyperbolic set if there is a continuous and Df -invariant splitting T Λ M = E s ⊕ E u such that there are constants 0 < λ < 1 and C > 0, satisfying
for every x ∈ Λ and n > 0. We say that f is an Anosov diffeomorphism, if M is a hyperbolic set for f . The main result of this article is the following,
If the manifold is symplectic, i.e. it possess a non-degenerated closed 2-form ω, then we can define the set F 1 ω (M ) using only symplectic diffeomorphisms, i.e. which preserves ω, as we did using volume preserving diffeomorphisms. We denote by Diff 1 ω (M ) the space of symplectic diffeomorphisms. It was proved by Newhouse in [24] that any element of F 1 ω (M ) is Anosov. We observe that, since the neighborhoods of the diffeomorphisms are taken in the respectively spaces Diff
But, as a corollary of the previous theorem we obtain,
Since the arguments to prove the main theorem involves heterodimensional cycles, it is natural to try to relate it with the well known Palis conjecture [25] in the volume preserving scenario. In fact the arguments needed to do this are due to Crovisier and they were outlined in [14] . Since it is related to our main theorem, we write it here just for sake of completeness.
is not an Anosov diffeomorphism then it can be approximated by one diffeomorphism, either exhibiting an heterodimensional cycle if the dimension of M is greater than two or exhibiting an homoclinic tangency if the dimension of M is two.
Actually, the statement for surfaces was proved by Newhouse in [24] . Since for surfaces any volume preserving diffeomorphism is symplectic. This paper is organized as follows. In section 2, we recall the Franks lemma in the volume preserving scenario, which is one of the main tools used in the proof. In section 3, we prove that the index for hyperbolic periodic points is constant in a neighborhood of any f ∈ F 1 m (M ). In section 4, we give a proof of our main theorem. In section 5, we recall Crovisier's arguments about Palis conjecture. In section 6, we point out how the arguments in the previous sections could be use to prove some analogous results of Gan and Wen [17] , Toyoshiba [28] and see how this extends a corollary of Bessa and Rocha, in [8] to higher dimensions. Finally, in the appendix we describe the adaptations to the volume preserving case of an argument by Mañé.
Franks-type Lemma
One of the most useful and basic perturbation lemmas is the Franks lemma [16] . This lemma enable us to perform non-linear perturbations along a finite piece of an orbit simply performing arguments from Linear Algebra.
In what follows, we will recall this lemma in the volume-preserving scenario, which is contained in the work of Bonatti-Diaz-Pujals [12] , proposition 7.4. See also [20] .
Index of Periodic Orbits
In this section we analyze the index of periodic orbits of diffeomorphisms in This can be seen through the creation of heterodimensional cycles, thus the proposition can be seen as the volume-preserving and discrete version of a result by Gan and Wen (see theorem 4.1 of [17] ). But, we can also apply a volume-preserving version of a result by Abdenur-Bonatti-Crovisier-Diaz-Wen (corollary 2 of [2] ). In fact, if we define the Lyapunov exponent vector of a hyperbolic periodic point p of period τ (p) by
where µ 1 , . . . , µ d are the eigenvalues of Df τ (p) (p) ordered by their moduli. Then the volume preserving version of corollary 2 of [2] would gives us a residual subset of Diff 1 m (M ) such that for any homoclinic class of a diffeomorphism belonging to this residual subset, the closure of the set of Lyapunov vectors of the saddles of this homoclinic class is convex. This could be done, using the available perturbation tools in the volume preserving case, the Pasting lemma [3] and the regularization theorem ofÁvila [5] . Moreover, by a result of Bonatti and Crovisier [11] , we can assume that for any difffeomorphism in this residual subset the whole manifold is an homoclinic class. Thus, this would give us a saddle with an eigenvalue with norm close to one and by Franks lemma 2.1 this would create a non-hyperbolic point, after an small perturbation.
However, since we want to show the relation of these objects with heterodimensional cycles, we will give a proof based on some results by Mañé and Gan-Wen and we will explain why the arguments of [2] still are valid in the volume preserving context.
First of all, we will recall some good properties of the periodic set that will be very useful. We say that an f -invariant compact set Λ has a dominated splitting if there exist a continuous splitting T Λ M = E ⊕ F and constants m ∈ N, 0 < λ < 1 such that for every x ∈ Λ we have:
Now, let Λ i (f ) denote the close of the set formed by hyperbolic periodic points of f with index i. The following proposition which is the volume preserving version of a result by Mañé, proposition II.1 of [22] (see also the work of Liao [21] ) is essential. It can be deduced from Franks Lemma 2.1 and adapting some arguments of Mañé. We will give the necessarily adaptations in an appendix.
, and constants K > 0, m ∈ N and 0 < λ < 1 such that a) For every g ∈ U and p ∈ P er(g) with minimum period τ (p) ≥ m
Proof of Proposition 3.1. If proposition 3.1 is not true, then there exist two hyperbolic periodic orbits p and q of f with respectively indices i and i + j, for some j > 0. Now, we state a result by Abdenur-Bonatti-Crovisier-Diaz-Wen in [2] in the volume preserving case, we slightly modify the statement.
, if there exist p, q ∈ P er(f ) with indices i and i+j, respectively, then for any positive integer α between i and i + j there exist g ∈ U and a hyperbolic periodic point of g with index α.
We will explain why this proposition holds in the volume preserving case later. Using this proposition, we can find hyperbolic periodic points p and q of f , by some perturbation of f , with indices i and i + 1, respectively.
In the sequence, we will see how to perturb f in order to get a heterodimensional cycle between these two hyperbolic periodic points. First, we remember a result by Bonatti-Crovisier [11] :
) is the homoclinic class for a hyperbolic periodic point p of g. In particular, g is transitive.
Hence, perturbing and using the hyperbolicity of p and q, we can suppose that our diffeomorphism f ∈ R and so it is transitive. Then using the connecting lemma of Hayashi for conservative diffeomorphisms, see [11] , we can create an intersection between W u (p) and W s (q), also perturbing if necessary, we can assume that this intersection is transversal. Hence, this intersection is robust, and we can suppose that this new diffeomorphism also belongs to R. Using the connecting lemma once more, we can create an intersection between W s (p) and W u (q). Thus we create a heterodimensional cycle. We observe that this type of argument appears in [1] .
As we comment above, what we want to do now is to find a periodic point with at least one Lyapunov exponent close to zero. We can suppose that p and q are fixed points. Now, let R 1 be the set of volume preserving diffeomorphisms where the homoclinic class are disjoint or coincide. Using a result by Carballo, Morales and Pacifico in [13] we know that R 1 is a residual subset in Diff 1 m (M ). So, we can assume that f ∈ R ∩ R 1 . Hence, M = Λ i (f ) = Λ i+1 (f ), i.e., hyperbolic periodic points with indices i and i + 1 are dense in M . Therefore, using Proposition 3.2 we have a dominated splitting for f , T M = E ⊕ C ⊕ F , such that the dimension of E and C are equal to i and one, respectively. And thus, by the continuation of the dominated splitting we still have this one for the perturbation of f that exhibits a heterodimensional cycle between p and q.
Let U be some neighborhood of f in F 1 m (M ) and U 1 ⊂ U such that we still have the previous dominated splitting for every g ∈ U 1 .
We recall now a perturbation result of Xia in [29] .
, there exist constants ε 0 > 0 and c > 0, depending only of φ, such that for any x ∈ M , any ψ ∈ Diff 1 m (M ) ε 0 − C 1 close to φ and any positive numbers 0 < δ < ε 0 and 0 < ε < ε 0 , we have that if d(y, x) < cδε, then there is a ψ 1 ∈ Diff
Then, we fix ε 0 and c > 0 for f according the previous lemma. Now, let 0 < ε < ε 0 be such that if
. Now, let B p and B q be small balls in M centered at p and q, respectively. Moreover, given any γ > 0 we may choose B p such that Df (z) − Df (p) ≤ γ, for every z ∈ B p . By the choice of x and y we can choose m 1 , m 2 , m 3 and m 4 positive integers such that
and
Using the λ-Lemma, we can find z m cδε−close to f m1 (x) such that f m (z m ) is also cδε−close to f −m3 (y) and f r (z m ) ∈ B p , 0 ≤ r ≤ m, for every m > 0 large enough. Analogously, we can find z n satisfying similar conditions exchanging p for q and the respectively iterates of x and y.
Hence, the set
is a pseudo periodic orbit. Using lemma 3.5, we can perturb f in order to find a periodic orbit p mn that shadows O mn . Moreover, note that {z m , .
} is the orbit of the periodic point p mn . Moreover, p mn pass m and n times in B p and B q , respectively. Furthermore, using the dominated splitting of f , we observe that m and n could be chosen such that the index of p mn is either i + 1 or i. Now, fix some large n and choose m = m(n) as the biggest one such that, p mn and p m−1 n are hyperbolic periodic points of different perturbations of f with indices i and i + 1, respectively. We will call these perturbations of f by g and h, i.e., p mn ∈ P er(g) and p m−1 n ∈ P er(h). We would like to remark that the way to perturb f in order to construct these points gives us g = h outside B p . Finally, taking n large enough if necessary we have that g, h ∈ U 1 .
By the previous process we have that the orbit of the hyperbolic periodic points
where z k and z n can be found by λ−lemma, depending of k, as before. Now, denoting by τ the period of p mn = f −m3 (y) and taking K = Df (p)|C(f ) , we have
where we use that the central direction C is one-dimensional in the first equality, the continuity of the dominated splitting in the second line and the choice of B p in the third one. On the other hand, using the hyperbolic periodic point p m−1 n = f −m3 (y) of h and similarly arguments we have the following:
Now, since g = h outside B p and the orbit of p mn and p m−1 n also coincides outside
Hence, we can replace the inequality (3.2) in (3.1), to obtain the following
Therefore, since the period τ goes to infinity when n goes to infinity, and γ > 0 is arbitrary, it is possible to find a hyperbolic periodic point p mn with a Lyapunov exponent sufficiently close to zero.
In the general case, when p and q are hyperbolic periodic points, the difference is that the neighborhoods B p and B q must be neighborhoods of the orbits of p and q, respectively, and then the numbers m and n will be multiples of the periods of p and q, respectively. Hence, by the same arguments as before we can find the periodic point p mn with at least one Lyapunov exponent sufficiently close to zero.
Finally, using Franks lemma 2.1 again, we can perturb it once more such that we reduce a little bit the force of the eigenvalue associated to the Lyapunov exponent close to zero in each point of the orbit of p mn such that we can get indeed a zero Lyapunov exponent for the periodic point p mn . This means, we have an eigenvalue with absolute value one, and then p mn is not a hyperbolic periodic point. Since all of these perturbations can be done inside U ⊂ F 1 m (M ) we have a contradiction. Remark 3.6. We observe that we could do the same arguments, using only that there are periodic points with different indices, as it is done in [17] . But, the proof is slightly simplified after that we found periodic points with indices i and i + 1. Now, we explain how proposition 3.3 could be proved in the volume preserving case with the same arguments in the dissipative case. First, we will prove a conservative version of the Proposition 2.3 in [2] . Proposition 3.7. There is a residual subset R 2 of Diff 1 m (M ) consisting of diffeomorphisms f such that P er R (H(p, f ) ), the set of hyperbolic periodic points of f with the same index of p and with only real eigenvalues of multiplicity one, is dense in H(p, f ) for every non-trivial homoclinic class H(p, f ) of f .
We recall that a periodic linear systems (cocycles) is a 4-tuple P = (Σ, f, E, A), where f is a diffeomorphism, Σ is an infinite set of periodic points of f , E an Euclidian vector bundle defined over Σ, and A ∈ GL(Σ, f, E) is such that A(x) : E x → E f (x) is a linear isomorphism for each x (E x is the fiber of E at x). For the precise definition we refer the reader to the work of Bonatti-Diaz-Pujals [12] . Lemma 3.8 (Lemma 1.9 in [12] ). Let H(p, f ) be a non-trivial homoclinic class. Then the derivative Df of f induces a periodic linear system with transitions over P er h (H(p, f ) ), the set of hyperbolic periodic points homoclinically related with p.
Using this lemma and Franks lemma 2.1, our problem in Proposition 3.7 becomes a problem of linear algebra. We say that a periodic linear system with transitions P = (Σ, f, E, A) is diagonalizable at the point x ∈ Σ if the linear map
only has positive real eigenvalues of multiplicity one.
Lemma 3.9. For every periodic linear system with transitions P = (Σ, f, E, A) and every ε > 0 there is a dense subset Σ ′ of Σ and an ε−perturbation A ′ of A defined on Σ ′ which is diagonalizable, that is, M A ′ (x) has positive real eigenvalues of multiplicity one for every x ∈ Σ ′ .
By Remark 7.2 in [12] we can consider the perturbation A ′ such that detA ′ (x) = 1 for every x ∈ Σ ′ . Then, as we have noted before, we can use Franks Lemma 2.1 and the previous lemmas to show proposition 3.7. In fact, after we have done all these observations the proof is identically the proof of proposition 2.3 in [2] .
Hence, we can suppose f ∈ R 2 ∩ R, where the residual set R is given by Proposition 3.4, and then we may assume that p and q have only real eigenvalues of multiplicity one for Df τ (p) (p) and Df τ (q) (q), respectively. As we did before we can suppose, unless some perturbation, that f exhibits a heterodimensional cycle between p and q. Hence the proof of the Proposition 3.3 follows direct from the next result stated in [2] . Proposition 3.10 (Theorem 3.2 in [2] ). Let f be a diffeomorphism having a heterodimensional cycle associated to periodic saddles p and q, of indices i and i + j with j > 0, with real eigenvalues. Then, for any C 1 −neighborhood U of f and for any integer α with i ≤ α ≤ i + j, there exists g ∈ U having a periodic point with index α.
Although this proposition has been stated there for dissipative diffeomorphisms, all of the used perturbations of f are applications of Franks lemma and Hayashi's connecting lemma. Then, this proposition is still true in the volume preserving case since these two perturbation tools are available in the conservative setting.
Proof of Theorem A
In the sequence we shall prove the hyperbolicity of P er(f ) for every f ∈ F 1 m (M ), since we already know that the indices of hyperbolic periodic points is constant, say s.
Let us fixe f ∈ F 1 m (M ) and a continuous dominated splitting T P er(f ) M = E ⊕ F given by the Proposition 3.2. From now, we also consider m ∈ N, 0 < λ < 1 and K > 0 as in the Proposition 3.2. We will prove that this splitting is hyperbolic. We will follow here similar arguments as in the proof of Mane of Theorem B in [22] .
To show this we need prove that we have contraction and expansion in the sub-bundles E and F , respectively, unless a certain finite time iterate. Hence, by compactness of P er(f ), we just need to show the following for all x ∈ P er(f ). Observe it's enough to prove the first case since the second one can be deduced from the first one replacing f by f −1 . Suppose now (4.1) is not true. Then there exists x ∈ M such that
Defining the following probability measure
where δ is the dirac measure, we can find a subsequence j n → ∞ such that µ jn converges to an f m −invariant probability measure µ in the weak * topology and
Hence, taking the continuous functional φ(x) = log Df m (x)|E(x) over P er(f ), we obtain:
And so, using Ergodic Birkhoff's Theorem
Now let Σ(f ) ⊂ M a total probability set given by the Ergodic closing lemma in the volume preserving case, see [4] . Hence, denote by ν = 1 m m−1 i=0 f i * µ the f −invariant probability measure induced by µ, we have ν(Σ(f ) ∩ P er(f )) = 1 since ν is supported on P er(f ). But now, by the invariance of Σ(f ) ∩ P er(f ) for f , it's easy to see that this is also a total probability set for µ. And so, this together with (4.3) imply the existence of a point y ∈ Σ(f ) ∩ P er(f ) such that:
Observe that part (c) of Proposition 3.2 is an obstruction for y be periodic. Hence y ∈ P er(f ).
By (4.4), we can take λ < λ 0 < 1 and n 0 > 0 such that:
when n ≥ n 0 .
In the next step we will find a hyperbolic periodic point p ∈ P er(g) such that its orbit is "close" to the orbit of y, for g near f , and then we will use Lemma 2.1 to exchange the derivative at the orbit of p, such that the inequality (4.5) gives us a contradiction with part (a) of proposition 3.2.
Using that y ∈ Σ(f ) we can approximate f by diffeomorphisms g such that there exists p ∈ P er(g) and the distance between f j (p) and f j (y) is arbitrary small, for 0 ≤ j ≤ n, where n is the minimum period of p g . Since y is not periodic the period n must goes to infinity when g approaches f . Hence we may choose g and p such that:
where k = [n/m] and C = sup x∈M Df −1 (x) . These choices together with (4.5) and the dominated splitting of f |P er(f ) give us the following
Let U be a neighborhood of P er(f ) small enough such that the maximal set in
has a dominated splitting and satisfying the thesis of the Proposition 3.2. Hence, we can chose U ⊂ F 1 m (M ) a neighborhood of f such that every h ∈ U has a dominated splitting in Λ U (h) near of the dominated splitting in Λ U (f ). Observe that E g (p) = E s g (p) and F g (p) = E u g (p) since dominated splitting is unique if we fix the dimensions, and the index of periodic points is constant for g ∈ U. Hence, taking a smaller neighborhood U if necessary we can suppose E s g (g i (p)) and E u g (g i (p)) as near as we want of E(f i (y)) and F (f i (y)), 0 ≤ i ≤ n, respectively. In the sequence we will build some volume preserving isomorphisms
near of identity in local coordinates. Moreover, for future convenience, we will have
We show how to construct A 0 , the other cases are analogous. We choose 
Hence, taking n large enough if necessary, L i is as close of Dg(g i (p)) as we want, for all 0 ≤ i ≤ n − 1. Then, using lemma 2.1, we can find h ∈ U such that p ∈ P er(h) and Dh(h
) is an isometry, we have the following
Therefore,
what contradicts Proposition 3.2. Therefore we showed that
then f is Anosov, we just need to show that Ω(f ) = P er(f ) since Ω(f ) = M , by Poincaré's Recurrence Theorem. This will be a consequence of Pugh's closing lemma.
If f ∈ F 1 m (M ) then there exists some neighborhood U of f in Diff 1 m (M ) such that ♯H n (g), the number of hyperbolic periodic points of g with period smaller or equal than n, is finite and equal for every g ∈ U, since all diffeomorphisms in U has only hyperbolic periodic points. Now, suppose P er(f ) Ω(f ), and let x ∈ Ω(f )\P er(f ). By Pugh's closing lemma we can fix k ∈ N such that all of the perturbations of f , needed to create a hyperbolic periodic point near of x, are done in an arbitrary small neighborhood of
Thus, let U be a neighborhood of P er(f ) such that f j (x) ∈ U , −k ≤ j ≤ k. So, using the closing lemma we can get g ∈ U and p ∈ P er(g) with p ∈ U . However by choice of k and U , f is equal to g in U and since p ∈ U we have H n (f ) = H n (g) for some n ∈ N, what contradicts the fact of g ∈ U. Therefore, we have Ω(f ) = P er(f ) and this completes the proof.
Palis Conjecture in the volume preserving scenario
In this section, we elaborate the arguments due to Crovisier in [14] on the Palis conjecture in the volume preserving scenario, and this gives the proof of corollary 1.3. As we said in the introduction we only need to prove that if the dimension of M is greater than two.
Suppose f ∈ Diff m (M ) close to f with a non hyperbolic periodic point p. Thus, using Franks lemma 2.1, we can bifurcate this periodic point and produce two hyperbolic periodic points q and r with indices i and i + 1 respectively. Thus, as we did before in the proof of Proposition 3.1, we can perturb once more and create a heterodimensional cycle between q and r.
For more details we refer the reader to [15] .
Star Flows
In this section we observe how we can extend some results in the theory of star flows to a divergence free context. Let X 1 (M ) be the set of vector fields on M endowed with the C 1 topology. And X 1 m (M ) ⊂ X 1 (M ) the subspace of vector fields which are divergence free. By Liouville's formula, we know that the flow generated by a divergence free vector field is volume preserving, so they are also called incompressible flows in the literature.
The analogous version of F The analogous result by Gan and Wen in [17] should be true for incompressible star flows.
Theorem 6.1. If X ∈ X * m (M ) has no singularities then X is Anosov. In fact, this could be seen as follows. First of all, proposition 3.2 can be extended to the context of incompressible flows exactly as Hayashi did in [18] . And the same calculations that we did on heterodimensional cycles (which are inspired on the calculations of [17] ) can be done to prove the following proposition. Proposition 6.2. If X ∈ X * m (M ) has no singularities then X has no heterodimensional cycles. Now, we observe that the version of Bonatti-Crovisier's result lemma 3.4 to incompressible flows can be found in [7] . Hence, together with the previous proposition we obtain the following proposition. Proposition 6.3. If X ∈ X * m (M ) has no singularities then there exist a neighborhood U of X in X 1 m (M ) and i ∈ N, such that the index of any periodic orbit of any vector field Y ∈ U is i. Now, we can adapt the arguments of Toyoshiba [28] , in the same way that as we did before, to obtain the following result.
Proposition 6.4. If X ∈ X * m (M ) has no singularities and there exist a neighborhood U of X in X 1 m (M ) and i ∈ N, such that the index of any periodic orbit of any vector field Y ∈ U is i. Then X| P er(X) is hyperbolic and P er(X) = Ω(X).
Finally, by Poincaré's recurrence, we know that Ω(X) = M and this would imply that X is Anosov.
If we denote by KS the C 1 -interior of Kupka-Smale incompressible vector fields then KS ⊂ X * m (M ). Now, suppose that X ∈ KS and X has a singularity σ. Then since Ω(X) = M and there are a finite number of singularities then σ is approximated by regular orbits and so, by the connecting lemma, after a perturbation we obtain that W u (σ) ∩ W s (σ) − {σ} = ∅. Thus this would be a non-transversal intersection, but this is a contradiction since X ∈ KS. In particular, the analogous result of Toyoshiba holds for incompressible flows.
Corollary 6.5. Let X ∈ KS then X is Anosov.
Finally, we observe that if X is a C 1 -structurally stable divergence free vector field then X ∈ KS. So the following corollary generalizes a corollary found in [8] to any dimension (not only 3).
1 -structurally stable divergence free vector field then X is Anosov.
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Appendix
In this appendix, we show the necessarily modifications to prove proposition 3.2. In particular, we will review Mañé's argument from [22] from page 523 to 540.
First we recall some notions introduced by Mañé in our context. Let GL(d) be the group of linear isomorphisms and SL(d) be the subgroup of GL(d) of isomorphisms with determinant equal to one. By a hyperbolic sequence we mean a sequence hyperbolic isomorphisms ξ : Z → GL(d). The sequence is periodic if there exists m such that ξ j+m = ξ j for j ∈ Z, the minimal positive m is called the period of the sequence. If the stable space is the whole R d then we call it a contracting sequence. If the sequence is formed by volume preserving isomorphisms, i.e. ξ : Z → SL(d) then we call it a vol-hyperbolic sequence. Also. a family of periodic sequences {ξ α } will be called a vol-family.
A family of periodic sequences {ξ α } is vol-hyperbolic, if all of its sequences are vol-hyperbolic and sup α,j { ξ
between two families ξ and η, we also say that they are equivalent if for every α the period of ξ α and η α coincide. Moreover the family ξ is uniformly vol-hyperbolic if there exists ε > 0 such that every equivalent vol-family η which satisfies d(ξ, η) < ε is vol-hyperbolic.
The proof of proposition 3.2 goes as the same way as in [22] , using Franks lemma in the volume preserving case (lemma 2.1) and the following proposition, which is analogous to lemma II.3 of [22] . 
(2) For every α and j ∈ Z: log (
We only indicate the necessarily adaptations. First, we recall lemma II.7 from [22] , that will be used to control the stable and unstable parts of the isomorphisms. With this we can prove the following lemma Lemma 7.3. If {ξ α } is a uniformly vol-hyperbolic family then there exist ε > 0, K > 0, 0 < λ < 1 such that if {η α } is an equivalent vol-family with d(ξ, η) < ε then η is vol-hyperbolic. Moreover, if n is the period of η α and η
is the map induced by η
Proof. As Mañé did, if ε > 0 is small and 0 < m < d and we take a vol-family {φ β } containing every sequence φ : Z → GL(d − m) with same period of some ξ α such that sup i φ − (ξ α i ) < ε and this family is uniformly contracting. Indeed, if not there exist a sequence ψ : Z → GL(d − n) such that for some β, ψ and φ β have the same period, sup i φ β i − ψ is small and n−1 j=0 ψ j has an eigenvalue with modulus 1 and determinant close to 1 (since is close to φ).
Then construct a sequence ζ with the same period of ξ such that ζ j = ψ −1 j restricted to R d /E s j and equal to det(ψ j )ξ restricted to E s j . Note that ζ is close to ξ. This would contradict the vol-uniform hyperbolicity of {ξ α }. Now, we can proceed exactly as in the rest of the proof of lemma II.8 of [22] .
Thus, as in [22] . We obtain (1) and (3) of proposition 7.1. Now, we prove (2) of proposition 7.1. First, we observe that the next lemma about angles (lemma II.9 of [22] ) holds in the volume preserving case.
Lemma 7.4. If {ξ
α } is an uniformly vol-family then there exist ε > 0, γ > 0 and m ∈ N such that if {η α } is an equivalent vol-family with d(ξ, η) < ε then for every η α with period n ≥ m the angles between stable and unstable spaces are bounded away from zero, i.e.
∠(E
Indeed, to obtain a contradiction, Mañé construct the following perturbation ζ j = η j if 0 < j ≤ n − 1 and
For some suitable C, note that this is also a vol-sequence. Finally, if (2) does not holds then Mañé shows that the following sequence has small angles between the stable and unstable spaces. The sequence has the form η t : Z → GL(d), for some t and has period n large, such that for 1 ≤ j < n − 1, Hence det(I + T j ), det(I + S t ) and det(I + P t ) are close to 1, so close as we want. Hence we can divide η by these determinants appropriately and now we obtain a vol-sequence, with same invariant spaces. In particular the angles are small and again we obtain a contradiction with the previous lemma.
Remark 7.5. Actually, the same argument could be used to show that if a vol-family is not uniformly hyperbolic then it is not uniformly vol-hyperbolic. Indeed, it would have a not hyperbolic sequence sufficiently close. In particular, the determinant would be almost one. Thus multiplying by the inverse of the determinant in a direction distinct of the non-hyperbolic direction, we obtain a not hyperbolic volsequence close to the original. A contradiction.
We finish this appendix with some comments about proposition 3.2 in the symplectic case. Of course if f is Anosov the statements of that proposition are obviously true. In fact, such proposition is true by the arguments of Newhouse [24] , since he proves that if a symplectic diffeomorphism has an homoclinic tangency than it can be approximated by one with an 1-elliptic periodic point, which is in particular a non-hyperbolic point.
However, proposition 3.2 could be obtained directly. For instance, the domination part could be obtained using arguments from [19] and [10] . In fact, AvilaBochi-Wilkinson in [6] theorem 3.5, obtains a direct proof that a partially hyperbolic non-Anosov diffeomorphism can be approximated by one with a non-hyperbolic periodic point under the hypothesis of unbreakability. Since there are many references and ideas about this subject we will not elaborate more on it and we refer the reader to those references for more details.
